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Abstract

The subject of study in this paper is a rotating spindle carrying multiple flexible disks mounted on a
flexible housing/stator assembly through ball bearings or hydrodynamic bearings. The disk/spindle system
is subjected to prescribed force excitations, and the housing/stator assembly is subjected to prescribed linear
and angular base excitations. This paper has two specific goals. The first goal is to derive linearized
equations of motion governing free and forced vibration of the spindle/housing system using a Lagrangian
formulation. The second goal is to verify the mathematical model through calibrated experiments.
Theoretical predictions of natural frequencies agree well with experimental measurements within 5% of
difference for spindle motors using ball bearings. Numerical simulations on spindle motors with
hydrodynamic bearings indicate that base flexibility could lead to significant spindle vibration.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

For the past decade, the data storage industry has continued to enhance the capacity and
performance of computer hard disk drives (HDD) by increasing the track density and spin speed.
As an example, next-generation disk drives will adopt DC spindle motors with spin speeds of
20,000 r.p.m. to reduce data access time. In addition, magnetic disks will have a track density
around 100,000 tracks per radial inch to enhance storage capacity and to reduce material costs.
The high spin speed implies substantial excitations from the surrounding air, bearing defects, and
motor electromagnetic forces. The high track density implies that tiny spindle vibration could
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cause significant read/write errors. For example, allowable radial vibration amplitude for disk
drives with 100,000 tracks per inch density will be around 25 nm: To qualify for commercial use,
these advanced disk drives will need to meet extremely tight shock and vibration specifications.
Preliminary experimental results and numerical simulations have indicated that flexibility of
HDD’s stationary components, such as housings and stators, will significantly affect the natural
frequencies and increase the amplitude of disk drive spindles. Therefore, improper design of these
stationary components could degrade performance of future advanced disk drives resulting in
disqualification.
For the past 10 years, vibration research on disk drive spindle systems primarily assumes that

the stationary part is rigid. For example, Shen and Ku [1] developed a mathematical model to
study free vibration of a rotating hub that is supported by ball bearings and carries multiple
flexible disks. They also verified the predictions through calibrated experiments. Later, Shen [2]
augmented the model in Ref. [1] to predict forced vibration of the rotating disk/spindle system.
Lee [3,4] and his fellow researchers applied assumed mode methods to study vibration response of
rotors carrying multiple flexible disks. Parker and Sathe [5–7] analyzed vibration of a flexible
spindle carrying flexible disks using extended operators. Jia [8] used the method of substructure
synthesis to consider vibration of multi-span Timosheno shafts carrying multiple disks. Lim [9]
developed a finite element method to predict response of rotating disk/spindle systems.
Deeyiengyang and Ono [10] and Yang et al. [11] studied the response of a rotating disk/spindle
system excited by ball bearing defects. Deeyiengyang and Ono [12] also developed a squeeze-film
damper to suppress vibration of disk/spindle systems. Jintanawan et al. [13–15] studied vibration
of rotating disk/spindle systems with hydrodynamic bearings. In all these studies, the housing is
always assumed rigid and the effects of housing/stator flexibility are neglected. As a result, the
HDD industry resorts to trial-and-error approach, which is very expensive and time-consuming
given short design cycles of the industry.
In contrast, the steam and gas turbine industry recognized the importance of housing flexibility

as early as 1975 [16]. As rotary machines become faster and lighter, the housing flexibility can
affect rotor performance considerably. For the past 25 years, housing flexibility has been modeled
through use of lumped spring–mass systems [16–19] or finite element methods [20]. Also, housing
flexibility has been extracted experimentally [21–23]. Unfortunately, these research results cannot
be applied directly to HDD design, because the results are for turbines with slender rotors and
heavy disks. In HDD applications, the aspect ratio is just the opposite; the spindle is very short
and the disks are very flexible. Therefore, HDD spindles present totally different dynamic
characteristics.
To study the effects of housing/stator flexibility on rotating disk/spindle systems, there are three

major challenges to overcome. First, the housing is not axisymmetric. Existing HDD disk/spindle
models all assume axisymmetry [1–15]. Moreover, existing studies on asymmetry are limited to
stationary disk/spindle systems [24–27]. Effects of asymmetry on rotating disk/spindle systems
remain open. The second challenge is mode coupling. The presence of the flexible housing will
couple spindle modes with deformation of the housing/stator assembly. This is a phenomenon
that existing models [1–15] cannot predict. The third challenge is the complexity of housing
geometry and dynamics. The housing/stator assembly cannot be modelled as a simple structural
element, such as a beam or plate. Integration of finite element formulations with existing models
of rotating disk/spindle systems is necessary.
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Motivated by the industrial needs and the academic challenges, this paper is to develop a
mathematical model predicting free and forced vibration of rotating disk/spindle systems
mounted onto flexible housing/stator assembly. The mathematical model developed in this paper
will be valid for spindles shown in Figs. 1 and 2, which are known as fixed-shaft design. The
design has three main components: rotating part, stationary part, and bearings. The rotating part
consists of a hub and multiple disks. The hub is relatively massive and can be assumed to be rigid.
In contrast, the disks are thin and flexible. The stationary part is assembly of a shaft (stator) and
housing. The stationary shaft can be cantilevered (i.e., without top attachment in Fig. 1) or fixed
at both ends (i.e., with top attachment in Fig. 2). The bearings can be ball bearings or
hydrodynamic bearings. Finally, the spindle is subjected to external force and base excitations.
The force excitations can be prescribed concentrated or distributed loads applied to either the
rotating part or the stationary part. The base excitations can be prescribed rigid-body translation
and rotation applied to the stationary part.
In this paper, vibration of the housing/stator is modelled through normal vibration modes.

Vibration of the rotating disks and spindle is formulated in terms of axial and rocking motion of
the spindle as well as vibration modes of each disk. The bearings are modelled through 5� 5
stiffness and damping matrices. Application of Lagrange equations leads to the equations of
motion. To verify the mathematical model, the authors measured natural frequencies of a ball-
bearing spindle with four different housing configurations. The authors also numerically simulate
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Fig. 1. Fixed-shaft design without top attachment.

Fig. 2. Fixed-shaft design with top attachment.
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frequency response functions of spindle motors with hydrodynamic bearings mounted on three
different housing configurations.

2. Formulation of the stationary part

The stationary part is modelled as an elastic structure with arbitrary shapes. In addition, the
stationary part is mounted onto a rigid shaker table, which provides linear and angular base
excitations. Let O be a convenient reference point on the stationary part. With O being the origin,
one can define an inertia frame XYZ with XY plane being parallel to the shaker table initially. In
addition, the XYZ frame has unit vectors I; J; and K:
The stationary part is first subjected to a rigid-body base excitation in the form of

prescribed three-dimensional infinitesimal rotations gx; gy; and gz as shown in Fig. 3. After
the rigid-body rotations, the stationary part rotates to a new set of co-ordinates #X #Y #Z with
unit vectors #I; #J; and #K: For convenience, the co-ordinates #X #Y #Z will be termed shaker frame
in this paper. For infinitesimal rotation, the co-ordinate systems XYZ and #X #Y #Z are related
through

#I

#J

#K

0
BB@

1
CCAE

1 gz �gy

�gz 1 gx

gy �gx 1

2
64

3
75 I

J

K

0
B@

1
CA: ð1Þ

Moreover, the angular velocity and acceleration of the shaker frame are

x #X #Y #ZE’gx
#Iþ ’gy

#Jþ ’gz
#K ð2Þ

and

’x #X #Y #ZE.gx
#Iþ .gy

#Jþ .gz
#K: ð3Þ
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Fig. 3. Prescribed rotational base excitation ðgx; gy; gzÞ and linear base excitation sðtÞ:
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In addition to the angular base excitation, the stationary part is also subjected to a linear base
excitation sðtÞ defined as

sðtÞ � sxðtÞIþ syðtÞJþ szðtÞK: ð4Þ

As a result of the linear base excitation, the origin O moves to O0 as shown in Fig. 3.
Now consider an arbitrary point P on the stationary part. The motion of point P consists of

two parts. One is the rigid-body motion consistent with the base excitations. The other is an elastic
deformation superimposed on the rigid-body motion. When the base excitation is absent, the
location of P is defined through the position vector

r � rxIþ ryJþ rzK: ð5Þ

With the angular base excitations, the rigid-body rotation causes point P to move to its new
position #r defined as

#r � rx
#Iþ ry

#Jþ rz
#K: ð6Þ

Therefore, the rigid-body displacement for point P is

RP0 � sðtÞ þ ð#r� rÞ; ð7Þ

which consists of infinitesimal translation and rotation.
LetWð#r; tÞ be the elastic deformation of the stationary part at point P: The elastic deformation

Wð#r; tÞ can be approximated in terms of nb vibration modes of the stationary part as

Wð#r; tÞ �
Xnb

n¼1

Wnð#rÞqnðtÞ: ð8Þ

where

Wnð#rÞ � Wxnð#rÞ#Iþ Wynð#rÞ #Jþ Wznð#rÞ #K ð9Þ

is the nth vibration mode shape of the stationary part and qnðtÞ is the corresponding generalized
co-ordinate. In addition, the mode shapes satisfy the orthonormality conditionZ

Wmð#rÞ 	Wnð#rÞ dm ¼ dmn ð10Þ

and Z
Vb½Wmð#rÞ;Wnð#rÞ� dV ¼ o2bndmn; ð11Þ

where dmn is the Kronecker delta, obn is the natural frequency of the nth vibration mode of the
stationary part, and Vb½ . � is the potential energy operator for the stationary part.
With the rigid-body motion RP0 and elastic deformation Wð#r; tÞ; the displacement of P is

RP � sðtÞ þ ð#r� rÞ þWð#r; tÞ: ð12Þ

As a result, the velocity of point P is

’RP ¼ ’sþ x #X #Y #Z � #rþ
Xnb

n¼1

Wnð#rÞ ’qnðtÞ þ
Xnb

n¼1

½x #X #Y #Z �Wnð#rÞ�qnðtÞ; ð13Þ
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where Eq. (8) has been used. If higher order terms are neglected, the kinetic energy of the
stationary part becomes

TB ¼
1

2

Z
ð’s 	 ’sÞ dm þ

1

2

Z
x #X #Y #Z � #r
� �

	 ðx #X #Y #Z � #rÞ dm

þ
1

2

Z Xnb

n¼1

Wnð#rÞ ’qn

" #
	
Xnb

n¼1

Wnð#rÞ ’qn

" #
dm

þ
Z

’s 	 ðx #X #Y #Z � #rÞ dm þ
Z

’s 	
Xnb

n¼1

Wnð#rÞ ’qn

" #
dm

þ
Z

ðx #X #Y #Z � #rÞ 	
Xnb

n¼1

Wnð#rÞ ’qn

" #
dm: ð14Þ

Let us define

Js1 �
Z

#r dm; Jan �
Z

Wnð#rÞ dm; Jbn �
Z

#r�Wnð#rÞ dm: ð15217Þ

Rearranging Eq. (14) results in

TB ¼
1

2
mBð’s2x þ ’s2y þ ’s2zÞ þ

1

2
x #X #Y #Z 	 IB 	 x #X #Y #Z þ

1

2

Xnb

n¼1

’q2n

þ
Xnb

n¼1

ð’s 	 JanÞ ’qn þ
Xnb

n¼1

ðx #X #Y #Z 	 JbnÞ ’qn þ ’s 	 x #X #Y #Z � Js1; ð18Þ

where IB is the mass moment of inertia tensor of the stationary part relative to the origin O:
Finally, the potential energy of the stationary part is

VB ¼
1

2

Z
Vb½W;W� dV ¼

1

2

Xnb

n¼1

o2bnq2nðtÞ: ð19Þ

3. Formulation of the rotating part

The rotating part consists of a rigid hub carrying N flexible disks. Consider the ith disk, where i

can range from 1 to N: The ith disk has density ri; Young’s modulus Ei; the Poisson ratio ni;
thickness hi; and flexural rigidity Di: In addition, the disk/spindle assembly spins about its
centerline with constant angular velocity o3: According to Ref. [1], the motion of the rotating part
can be described in terms of rigid-body translation ðRx;Ry;RzÞ and rocking of the spindle ðyx; yyÞ
as well as vibration modes of each disk qðiÞmn: They are summarized as follows.
To describe the spindle motion, let G be the centroid of the rotating part. Let us also define G0

as a point on the shaker frame whose position vector is

rG0 ¼ OG
�!0

� tx
#Iþ ty

#Jþ tz
#K: ð20Þ

When the system is subjected to no external excitations and no motion, note that the shaker frame
and the inertia frame coincide and so do G and G0:When the external excitations are present, the
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centroid G undergoes an absolute rigid-body displacement RG: In the meantime, G0 on the shaker
frame experiences a rigid-body motion according to Eq. (7) as

RG0 ¼ ðsx þ tzgy � tygzÞIþ ðsy þ txgz � tzgxÞJþ ðsz þ tygx � txgyÞK: ð21Þ

Therefore, one can describe the spindle translation RðtÞ in terms of relative rigid-body
displacement of G to G0 (see Fig. 4) defined as

RðtÞ � RxðtÞIþ RxðtÞJþ RzðtÞK � RG � RG0 : ð22Þ

The biggest advantage of using RðtÞ defined in Eq. (22) is the simplicity of resulting equations of
motion, which will be demonstrated later.
To describe spindle rocking, the centerline of the rotating spindle defines the z-axis of a rocking

co-ordinate system xyz with unit vectors i; j; and k: In the rocking co-ordinates xyz; the x and y
axes are defined through Euler angles yx and yy as shown in Fig. 5. For infinitesimal rocking,

i

j

k

0
B@

1
CAE

1 0 �yy

0 1 yx

yy �yx 1

2
64

3
75 I

J

K

0
B@

1
CA: ð23Þ

Note that each disk will spin relative to the rocking co-ordinates xyz with angular velocity o3k:
Let wi be the deflection of the ith disk; therefore

wi ¼ wiðr; b; tÞk: ð24Þ

Moreover, the deflection wi can be discretized through an eigenfunction expansion,

wiðr; b; tÞ ¼
XN
m¼0

XN
n¼�N

wmnðr;bÞqðiÞ
mnðtÞ; ð25Þ
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J.-Y. Shen et al. / Journal of Sound and Vibration 271 (2004) 725–756 731



where qðiÞmnðtÞ are the generalized co-ordinates and wðiÞ
mnðr;bÞ are the mode shapes of the ith disk with

m nodal circles and n nodal diameters. Furthermore, the mode shape wðiÞ
mnðr;bÞ can be expressed

explicitly as

wðiÞ
mnðr;bÞ ¼

RðiÞ
mnðrÞ cos nb; nX0;

RðiÞ
mnðrÞ sin jnjb; no0;

(
ð26Þ

under the following orthonormality conditionsZ
wðiÞ

mnwðiÞ
pq dmi ¼ I

ðiÞ
1 dmpdnq ð27Þ

and

Vi½wðiÞ
mn;w

ðiÞ
pq� ¼ I

ðiÞ
1 ½oðiÞ

mn�
2dmpdnq; ð28Þ

where I
ðiÞ
1 is the diametrical mass moment of inertia of the ith disk, Vi½ . � is the strain energy

operator of the ith elastic disk, and oðiÞ
mn are the natural frequency associated with the mode

shape wðiÞ
mn:

In terms of these generalized co-ordinates Rx; Ry; Rz; yx; yy; and qðiÞmn; Shen and Ku [1] derived
the kinetic energy of the rotating disk pack up to a quadratic form as

TR ¼
M

2
½ð ’Rx þ ’sx þ tz’gy � ty’gzÞ

2 þ ð ’Ry þ ’sy þ tx’gz � tz’gxÞ
2

þ ð ’Rz þ ’sz þ ty’gx � tx’gyÞ
2� þ

1

2
%I1ð’y2x cos

2 yy þ ’y2yÞ þ
1

2
%I3ðo3 þ ’yx sin yyÞ

2

þ
1

2

XN

i¼1

I
ðiÞ
1

XN
m¼0

XN
n¼�N

ð ’qðiÞ
mn þ no3qðiÞ

m;�nÞ
2

" #
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þ ’yx cos yy

XN

i¼1

I
ðiÞ
1

XN
m¼0

aðiÞm ð ’qðiÞm;�1 � 2o3q
ðiÞ
m1Þ

" #

� ’yy

XN

i¼1

I
ðiÞ
1

XN
m¼0

aðiÞm ð ’qðiÞ
m1 þ 2o3q

ðiÞ
m;�1Þ

" #

þ ½ð ’Rx þ ’sx þ tz’gy � ty ’gzÞsin yy � ð ’Ry þ ’sy þ tx’gz � tz’gxÞsin yx cos yy

þ ð ’Rz þ ’sz þ ty ’gx � tx’gyÞcos yx cos yy�
XN

i¼1

I
ðiÞ
1

XN
m¼0

bðiÞm ’q
ðiÞ
m0

" #
; ð29Þ

where %I1 and %I3 are transverse and polar mass moments of inertia tensor of the rotating
disk/spindle system with respect to the center of mass of the system. Moreover,

aðiÞ
m ¼

prihi

I
ðiÞ
1

Z bi

ai

R
ðiÞ
m1ðrÞr

2 dr; ð30Þ

bðiÞm ¼
2prihi

I
ðiÞ
1

Z bi

ai

R
ðiÞ
m0ðrÞr dr: ð31Þ

Finally, the potential energy of the disk pack can be discretized in terms of the generalized
co-ordinates as [1]

VR ¼
1

2

XN

i¼1

I
ðiÞ
1

XN
m¼0

XN
n¼�N

½oðiÞ
mnqðiÞ

mn�
2: ð32Þ

4. Bearing deformation

The purpose of this section is to derive bearing deformations in terms of the generalized
co-ordinates associated with the rotating and stationary parts. Let A and A0 be two mating
surfaces of a bearing (e.g., inner race and outer race) as shown in Fig. 6(a) and (b). Note that
surface A is on the rotating part and surface A0 is on the stationary part. When the spindle
vibrates, the two bearing surfaces move relative to each other. In addition, the relative motion
could be linear or angular.
To determine the bearing deformation, let us define the location and orientation of the bearing

surfaces first. When the spindle is at rest and the bearing A is undeformed, let the position of A be

OA
�!

¼ pxIþ pyJþ pzK; ð33Þ

where px; py; and pz are the Cartesian co-ordinates of bearing A with respect to the origin O; see
Fig. 7. Also, the relative position of A to G can be defined as

GA
�!

¼ lxIþ lyJþ lzK: ð34Þ

Note that the centroid location OG
�!

has been defined in Eq. (20), because G and G0 coincide in this
case, and so do #X #Y #Z and XYZ: Since OG

�!
þ GA
�!

¼ OA
�!

;

ti þ li ¼ pi; i ¼ x; y; z: ð35Þ
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When the spindle vibrates, the shaker frame #X #Y #Z attached to the stationary part undergoes an
infinitesimal rotation from shaker excitation,

#cEgx
#Iþ gy

#Jþ gz
#K; ð36Þ

and the rocking co-ordinate xyz on the rotating part undergoes an infinitesimal rotation

#hEyx
#Iþ yy

#J: ð37Þ

ARTICLE IN PRESS

Fig. 6. Mating surfaces A and A0 of a bearing; (a) surface A is on the rotating part, and (b) surface A0 is on the

non-rotating part.

Fig. 7. Position of A and G when the spindle is at rest and bearing is undeformed fixed-shaft design with top

attachment.
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Moreover, the elastic deformation of the stationary part will induce an infinitesimal rigid-body
rotation

a � ax
#Iþ ay

#Jþ az
#K ¼

1

2
r�

Xnb

n¼1

Wnð#rAÞqn; ð38Þ

where #rA is the position vector of A in the shaker frame. Or more explicitly,

ax ¼
1

2

Xnb

n¼1

qWzn

qy
�

qWyn

qz

� �
#r¼#rA

qn �
Xnb

n¼1

axnqn; ð39Þ

ay ¼
1

2

Xnb

n¼1

qWxn

qz
�
qWzn

qx

� �
#r¼#rA

qn �
Xnb

n¼1

aynqn; ð40Þ

az ¼
1

2

Xnb

n¼1

qWyn

qx
�

qWxn

qy

� �
#r¼#rA

qn �
Xnb

n¼1

aznqn: ð41Þ

To determine the linear bearing deformation, let rA and rA0 be the position vector of A and A0;
respectively. Then rA � rA0 defines the linear bearing deformation. Note that

rA ¼ ðtxIþ tyJþ tzKÞ þ RG þ ðlxiþ lyjþ lzkÞ: ð42Þ

Use of Eqs. (1) and (23) transforms rA to shaker co-ordinates #X #Y #Z as

rA ¼ RG þ ðpx
#Iþ py

#Jþ pz
#KÞ � #c � ðtx

#Iþ ty
#Jþ tz

#KÞ þ ð#h � #cÞ � ðlx#Iþ ly #Jþ lz #KÞ; ð43Þ

where Eq. (35) has been used. Similarly,

rA0 ¼ sþ ðpx
#Iþ py

#Jþ pz
#KÞ þ

Xnb

n¼1

Wð#rAÞqnðtÞ: ð44Þ

Based on Eqs. (43) and (44), the linear bearing deformation is

rA � rA0 � Dx
#Iþ Dy

#Jþ Dz
#K; ð45Þ

where

Dx � Rx þ lzyy � lzgy þ lygz �
Xnb

n¼1

Wxnð#rAÞqn; ð46Þ

Dy � Ry � lzyx � lxgz þ lzgx �
Xnb

n¼1

Wynð#rAÞqn ð47Þ

and

Dz � Rz � lxyy þ lyyx þ lxgy � lygx �
Xnb

n¼1

Wznð#rAÞqn: ð48Þ

Note that Eq. (22) has been used to derive Eqs. (46)–(48).
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The relative angular displacements of A relative A0 about #X and #Y axes are simply

xx ¼ yx � gx � ax ð49Þ

and

xy ¼ yy � gy � ay: ð50Þ

5. Vector notation

To keep track of the lengthy derivation, it is beneficial to adopt the following vector notations.
Define the vector of generalized coordinates as

q ¼ ½dT; qT00; q
T
01; q

T
0;�1; q

T
B�
T: ð51Þ

In Eq. (51),

d � ½Rx;Ry;Rz; yx; yy�T ð52Þ

is the vector describing the translation and rocking of the rotating disk pack,

q00 � ½qð1Þ
00 ; q

ð2Þ
00 ;y; qðNÞ

00 �
T ð53Þ

defines the generalized co-ordinates of ð0; 0Þ disk mode for each disk. Moreover,

q01 ¼ ½qð1Þ
01 ; q

ð2Þ
01 ;y; qðNÞ

01 �
T ð54Þ

and

q0;�1 ¼ ½qð1Þ0;�1; q
ð2Þ
0;�1 y; qðNÞ

0;�1�
T ð55Þ

define the generalized co-ordinates of ð0; 1Þ disk modes, respectively. Finally,

qB ¼ ½q1; q2;y; qnb
�T ð56Þ

defines the generalized co-ordinates of the stationary part. Aside from generalized co-ordinates,
let us define the vector of shaker excitations as

fs ¼ ½sx; sy; sz; gx; gy; gz�
T: ð57Þ

With the vector notation, the linear and angular bearing deformations from Eqs. (46) to (50)
can be rewritten as

Db � ½Dx;Dy;Dz; xx; xy�
T ¼ Bbqþ hbfs; ð58Þ

where

Bb ¼

1 0 0 0 lz 0 0 0 �Wx

0 1 0 �lz 0 0 0 0 �Wy

0 0 1 ly �lx 0 0 0 �Wz

0 0 0 1 0 0 0 0 �ax

0 0 0 0 1 0 0 0 �ay

2
6666664

3
7777775; ð59Þ
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hb ¼

0 0 0 0 �lz ly

0 0 0 lz 0 �lx

0 0 0 �ly lx 0

0 0 0 �1 0 0

0 0 0 0 �1 0

2
6666664

3
7777775; ð60Þ

with

Wx � ½Wx1ð#rAÞ;Wx2ð#rAÞ;y;Wxnb
ð#rAÞ�; ð61Þ

Wy � ½Wy1ð#rAÞ;Wy2ð#rAÞ;y;Wynb
ð#rAÞ�; ð62Þ

Wz � ½Wz1ð#rAÞ;Wz2ð#rAÞ;y;Wznb
ð#rAÞ�; ð63Þ

ax � ½ax1; ax2;y; axnb
� ð64Þ

and

ay � ½ay1; ay2;y; aynb
�: ð65Þ

Also, the following matrices and vectors turn out to be useful in later derivation

x00 ¼ diag½ðo
ð1Þ
00 Þ

2; ðoð2Þ
00 Þ

2;y; ðoðNÞ
00 Þ

2�; ð66Þ

x01 ¼ diag½ðo
ð1Þ
01 Þ

2; ðoð2Þ
01 Þ

2;y; ðoðNÞ
01 Þ

2�; ð67Þ

xB ¼ diag½o2b1;o
2
b2;y;o2bnb

�; ð68Þ

I1 ¼ diag½I
ð1Þ
1 ; I ð2Þ1 ;y; I ðNÞ

1 �; ð69Þ

a0 ¼ ½að1Þ0 ; að2Þ
0 ;y; aðNÞ

0 �T ð70Þ

and

b0 ¼ ½bð1Þ
0 ; bð2Þ0 ;y; bðNÞ

0 �T: ð71Þ

6. Generalized forces

Generalized forces of the rotating disk/spindle systems consist of generalized bearing forces,
generalized forces from the rotating part, generalized forces from the stationary part, and
generalized damping forces. They are described individually as follows.
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6.1. Generalized bearing forces

For each bearing, the bearing forces consist of three force components and two moment
components. Moreover, the bearing forces are linear combination of spring and damping forces
described by

Fb � ½Fxb;Fyb;Fzb;Mxb;Myb�T ¼ �KbDb � Cb
’Db; ð72Þ

where Kb is the 5� 5 stiffness matrix and Cb is the 5� 5 damping matrix.
The virtual work done by the bearing forces is

dWb ¼
X

FTb dDb ¼ �dqTQb; ð73Þ

where the summation sums over all the bearings and Qb is the generalized bearing force vector.
Substitution of Eqs. (58) and (72) into Eq. (73) yields

Qb ¼ KBqþHBfs þ CB ’qþGB ’qs; ð74Þ

where

KB �
X

BTbKbBb; HB �
X

BTbKbhb; CB �
X

BTbCbBb; GB �
X

BTbCbhb: ð75278Þ

6.2. Generalized forces from rotating part

Let us consider a concentrated load fR in the form of

fR ¼ fRxIþ fRyJþ fRzK: ð79Þ

The load fR is fixed in space and acts on a point R on the ith disk. To determine the generalized
forces associated with fR; one needs to determine the displacement ur of point R first. According
to Fig. 4

uR ¼ RG þ ðyxiþ yyjÞ � GR
�!

þ wiðr0;b0; tÞk; ð80Þ

where GR
�!

is the position vector from G to R defined as

GR
�!

� x0iþ y0jþ z0k ð81Þ

and ðr0;b0Þ are the polar co-ordinates of R relative to its disk center Ci: With the assumption of
infinitesimal motion, substitution of Eqs. (22) and (25) into Eq. (80) results in

uR ¼ðsx þ Rx þ tzgy � tygz þ z0yyÞIþ ðsy þ Ry þ txgz � tzgx � z0yxÞJ

þ sz þ Rz þ tygx � txgy � x0yy þ y0yx þ
XN
m¼0

XN
n¼�N

wðiÞ
mnðr0;b0Þq

ðiÞ
mnðtÞ

 !
K; ð82Þ

or in a matrix form,

uR ¼ BRqþDRfs þ
XN
m¼0

XN
n¼�N

wðiÞ
mnðr0; b0Þq

ðiÞ
mnðtÞK; ðm; nÞað0; 0Þ; ð0;71Þ; ð83Þ
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where

BR ¼

1 0 0 0 z0 0 0 0 0

0 1 0 �z0 0 0 0 0 0

0 0 1 y0 �x0 w00 w01 w0;�1 0

2
64

3
75; ð84Þ

DR ¼

1 0 0 0 tz �ty

0 1 0 �tz 0 tx

0 0 1 ty �tx 0

2
64

3
75; ð85Þ

with

w00 � ½0 ? 0;wðiÞ
00ðr0;b0Þ; 0 ? 0�ð1�NÞ; ð86Þ

w01 � ½0 ? 0;wðiÞ
01ðr0;b0Þ; 0 ? 0�ð1�NÞ; ð87Þ

w0;�1 � ½0 ? 0;wðiÞ
0;�1ðr0; b0Þ; 0 ? 0�ð1�NÞ: ð88Þ

Note that w00; w01; and w0;�1 have zero entries except the ith column.
To obtain the generalized forces, let us consider the virtual work done by FR as

dWR ¼ duTRfREdqTBTRfR þ dqTDw
T
h fRz; ð89Þ

where

qD � ½qðiÞ
02ðtÞ; q

ðiÞ
03ðtÞ;y; qðiÞ0;�2ðtÞ; q

ðiÞ
0;�3ðtÞ;y�T ð90Þ

and

wh � ½wðiÞ
02ðr0; b0Þ;w

ðiÞ
03ðr0;b0Þ;y;wðiÞ

0;�2ðr0;b0Þ;w
ðiÞ
0;�3ðr0; b0Þ;y�: ð91Þ

6.3. Generalized forces from stationary part

Let us consider a concentrated load fB in the form of

fB ¼ fBx
#Iþ fBy

#Jþ fBz
#K: ð92Þ

The force fB is fixed in the shaker frame and acts on a point B on the stationary part. In addition,
the position of point B is described by

#rB � OB
�!

¼ x1#Iþ y1 #Jþ z1 #K: ð93Þ

According to Eqs. (1), (8), and (12), the displacement uB of B is

uB ¼ ðsx þ z1gy � y1gzÞIþ ðsy þ x1gz � z1gxÞJþ ðsz þ y1gx � x1gyÞKþ
Xnb

n¼1

Wnð#rBÞqn: ð94Þ

Note that small gx; gy; and gz have been assumed to achieve Eq. (94). Moreover, uB can be
rearranged in a matrix form

uB ¼ BBqþDBfs; ð95Þ
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where

BB ¼

0 0 0 0 0 0 0 0 WBx

0 0 0 0 0 0 0 0 WBy

0 0 0 0 0 0 0 0 WBz

2
64

3
75; ð96Þ

DB ¼

1 0 0 0 z1 �y1

0 1 0 �z1 0 x1

0 0 1 y1 �x1 0

2
64

3
75; ð97Þ

with

WBx � ½Wx1ð#rBÞ;Wx2ð#rBÞ;y;Wxnb
ð#rBÞ�; ð98Þ

WBy � ½Wy1ð#rBÞ;Wy2ð#rBÞ;y;Wynb
ð#rBÞ�; ð99Þ

WBz � ½Wz1ð#rBÞ;Wz2ð#rBÞ;y;Wznb
ð#rBÞ�: ð100Þ

Therefore, the virtual work done is

dWB ¼ duTBfBEdqTBTBfB; ð101Þ

where the assumption of small gx; gy; and gz is used again.

6.4. Generalized damping forces

The generalized damping forces of the rotating and non-rotating parts can be determined by
Rayleigh dissipation function defined as [3]

R ¼
1

2

XN

i¼1

ci

Z
Ai

dwi

dt

� �2
dAi þ

cb

2

Z
V

’W 	 ’W dV ; ð102Þ

where ci is the damping coefficient of the ith disk, cb is the damping of the non-rotating part, and
dwi=dt is the material derivative given by

dwi

dt
¼ ’wiðr; b; tÞ þ o3

qwiðr; b; tÞ
qb

: ð103Þ

With discretizations (8) and (25) and normalizations (10) and (27),

R ¼
1

2

XN

i¼1

ciI
ðiÞ
1

rihi

XN
m¼0

XN
n¼�N

ð ’qðiÞ
mn þ no3qðiÞm;�nÞ

2

" #
þ

cb

2rb

Xnb

n¼1

’q2n: ð104Þ

The generalized damping forces for the disk are

�
qR

q ’qðiÞmn

¼ �
XN

i¼1

ciI
ðiÞ
1

rihi

XN
m¼0

XN
n¼�N

ð ’qðiÞ
mn þ no3qðiÞm;�nÞ

" #
ð105Þ
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and the generalized damping forces for the non-rotating part are

�
qR
q ’qn

¼ �
cb

rb

Xnb

n¼1

’qn: ð106Þ

Therefore, virtual work done by the generalized damping forces is

dWd ¼ �dqT½Cm ’qþDmq�; ð107Þ

where

Cm ¼ diag½0;Cm22;Cm33;Cm44;Cm55�; ð108Þ

with

Cm22 ¼ Cm33 ¼ Cm44 ¼ diag
c1I

ð1Þ
1

r1h1
;
c2I

ð2Þ
1

r2h2
;y;

cNI
ðNÞ
1

rNhN

" #
; ð109Þ

Cm55 ¼ diag
cb

rb

;
cb

rb

;y;
cb

rb

� �
ð110Þ

and

Dm ¼

0 0 0 0 0

0 0 0 0 0

0 0 0 Dm34 0

0 0 �Dm34 0 0

0 0 0 0 0

2
6666664

3
7777775; ð111Þ

with

Dm34 ¼ diag o3
c1I

ð1Þ
1

r1h1
;o3

c2I
ð2Þ
1

r2h2
;y;o3

cNI
ðNÞ
1

rNhN

" #
: ð112Þ

7. Equations of motion

With the kinetic energy, potential energy and generalized forces of the system, one can derive
the equations of motion through use of Lagrangian equations. In general, there are two sets of
equations of motion. They are described in detail as follows.
The first set of equation couples the rigid-body spindle motion, disk (0,1) modes, disk (0,0)

modes, and vibration modes of the stationary part.

M.qþ ½Gþ CB þ Cm�’qþ ½Kþ KB þDm�q ¼ BTRfR þ BTBfB �H.fs �GB
’fs �HBfs: ð113Þ
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In Eq. (113), M is the mass matrix defined as

M ¼

M11 M12 M13 M14 0

M21 I1 0 0 0

M31 0 I1 0 0

M41 0 0 I1 0

0 0 0 0 Inb

2
6666664

3
7777775; ð114Þ

where I1 is the inertia matrix defined in (69), Inb
is nb � nb identity matrix,

M11 ¼ diag½M;M;M; %I1; %I1�; ð115Þ

M21 ¼ MT
12 ¼ ½0ðN�1Þ; 0ðN�1Þ; I1b0; 0ðN�1Þ; 0ðN�1Þ�; ð116Þ

M31 ¼ MT
13 ¼ ½0ðN�1Þ; 0ðN�1Þ; 0ðN�1Þ; 0ðN�1Þ;�I1a0; �; ð117Þ

M41 ¼ MT
14 ¼ ½0ðN�1Þ; 0ðN�1Þ; 0ðN�1Þ; I1a0; 0ðN�1Þ�: ð118Þ

Note that a0 and b0 used in Eqs. (116)–(118) are defined in Eqs. (70) and (71).
In Eq. (113), G is a gyroscopic matrix

G ¼

G11 0 �G13 �G14 0

0 0 0 0 0

G31 0 0 2o3I1 0

G41 0 �2o3I1 0 0

0 0 0 0 0

2
6666664

3
7777775 ð119Þ

with

G11 ¼ %I3o3

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 �1 0

2
6666664

3
7777775; ð120Þ

G31 ¼ GT13 ¼ ½0ðN�1Þ; 0ðN�1Þ; 0ðN�1Þ; 2o3I1a0; 0ðN�1Þ�; ð121Þ

G41 ¼ GT14 ¼ ½0ðN�1Þ; 0ðN�1Þ; 0ðN�1Þ; 0ðN�1Þ; 2o3I1a0�: ð122Þ

In addition, the damping matrices CB and Cm are defined in Eqs. (77) and (108), respectively.
In Eq. (113), the K is the stiffness matrix from the rotating and non-rotating parts, defined as

K ¼ diag½0; I1x00; I1x01 � o23I1; I1x01 � o23I1;xB�: ð123Þ

In addition, KB and Dm are defined in Eqs. (75) and (111), respectively.
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Finally, the excitation matrix H in Eq. (113) is defined as

H ¼

H11 H12

H21 H22

0 0

0 0

Ja JaTc þ Jb

2
6666664

3
7777775; ð124Þ

with

H11 ¼

M 0 0

0 M 0

0 0 M

0 0 0

0 0 0

2
6666664

3
7777775; ð125Þ

H12 ¼ M

0 tz �ty

�tz 0 tx

ty �tx 0

0 0 0

0 0 0

2
6666664

3
7777775; ð126Þ

H21 ¼ ½0ðN�1Þ; 0ðN�1Þ; I1b0�; H22 ¼ ½tyI1b0;�txI1b0; 0ðN�1Þ�; ð127; 128Þ

Tc ¼

0 tz �ty

�tz 0 tx

ty �tx 0

2
64

3
75: ð129Þ

Moreover, the excitation matrices BR; BB; GB; andHB are defined in Eqs. (84), (96), (78), and (76),
respectively.
The second set of equations governs the motion of disk modes with two or more nodal

diameters. For the concentrated load applied to the ith disk in the form of Eq. (79), the governing
equations are

I
ð jÞ
1 .qð jÞ

mn þ
cjI

ð jÞ
1

rjhj
’qð jÞ

mn þ 2no3I
ð jÞ
1 ’qð jÞ

m;�n þ f½oð jÞ
mn�

2 � n2o23gqð jÞ
mn þ no3

cjI
ð jÞ
1

rjhj

qð jÞ
m;�n

¼ dijW
ðiÞ
mnðr0;b0ÞfRz j ¼ 1; 2;y;N; m ¼ 0; 1; 2;y; n ¼ 72;73;y; ð130Þ

where dij is the Kronecker delta.
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8. Free and forced response

For free vibration, Eq. (113) can be rearranged as a first order system,

M 0

0 I

" #
.q

’q

" #
¼

�C �K

I 0

" #
’q

q

" #
; ð131Þ

where

M � M; C � Gþ CB þ Cm; K � Kþ KB þDm: ð1322134Þ

Natural frequencies, mode shapes, and damping ratios of the system can be obtained by solving
the eigenvalue problem of Eq. (131).
For forced vibration, the transfer functions ðTFf . gÞ of the system can be obtained as

TF
q

fR

� �
¼ ½Ms2 þ Cs þK��1½BTR�; ð135Þ

TF
q

fB

� �
¼ ½Ms2 þ Cs þK��1½BTB�; ð136Þ

TF
q

.fs

� �
¼ �s�2½Ms2 þ Cs þK��1½Hs2 þGBs þHB�: ð137Þ

When the system is asymptotically stable, frequency response function (FRF) exist and can be
obtained by substituting s ¼ jo in Eqs. (135)–(137).

9. Qualitative predictions

When the disks are all identical, it is possible to obtain some qualitative results without
explicitly solving Eqs. (113) and (130). To do so, it is necessary to review vibration modes of
rotating disk/spindle systems with a rigid base [1].
Basically, the vibration modes are classified into three groups. The first group of modes involves

(0,1) disk modes. In this group, rigid-body radial translation and rocking of the spindle are
coupled with one-nodal-diameter modes of each disk. When all the disks (say N disks) are
identical, the coupled disk/spindle vibration splits into N � 1 groups of ‘‘balanced modes’’ and a
group of ‘‘unbalanced modes.’’ For (0,1) unbalanced modes, all the disks vibrate with one nodal
diameter in the same phase. As a result of the disk deformation, the inertia force from the left half
of the disks is entirely equal and opposite to that from the right half of the disks. These two inertia
forces create an unbalanced moment about the centroid. Because the disk/spindle assembly is
spinning with an angular momentum about the z-axis, the presence of the unbalanced moment
causes the spindle to undergo a steady precession about the Z-axis. For (0,1) balanced modes, two
adjacent disks vibrate entirely out of phase, while other disks experience no deformation. Because
the out-of-phase vibration does not change the angular momentum, the spindle does not undergo
steady precession. As a result, the natural frequencies of the balanced modes are identical to those
of the one-nodal-diameter modes of each disk.
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The second group of vibration modes involves (0,0) disk modes. In this group, axial translation
of the spindle and the (0,0) modes of each disk are couple together. Similarly, the coupled motion
split into N � 1 groups of ‘‘balanced modes’’ and one group of ‘‘unbalanced modes.’’ For (0,0)
unbalanced modes, all disks undergo the same axisymmetric deformation resulting in an
unbalanced inertia force that has to be compensated for by the axial motion of the disk/spindle
assembly. By the same token, (0,0) balanced modes have two adjacent disks vibrate entirely out of
phase axisymmetrically, while other disks are undeformed.
The third group of vibration modes is disk modes with two or more nodal diameters. For this

group of modes, rigid-body translation and rocking of the spindle does not affect disk vibration,
because these modes are self-balancing in inertia forces and moments. Response of those modes
can be determined through the classical vibration analysis of rotating disks. In other words, when
the spindle rotates at constant angular speed o3; the pair of ðm; nÞ disk modes will split into two
modes with distinct frequencies omn7no3 for a ground-based observer.
When flexibility of housing/stator is present, the following qualitative predictions can be

obtained from the equations of motion (113) and (130). First, flexibility of the housing/stator will
not affect vibration of disk modes with two or more nodal diameters. They will split into two
modes with distinct frequencies omn7no3 for a ground-based observer. This can be supported by
Eq. (130), because Eq. (130) does not contain any parameters from the non-rotating part and
takes the same form as in Ref. [1]. Second, flexibility of housing/stator will not affect vibration of
balanced (0,0) and (0,1) modes. Physically, balanced modes result from self-balancing of inertia
forces and moments. Introduction of housing/stator flexibility does not destroy the self-balancing
nature of balanced modes; therefore, balanced modes will remain unaffected. Third, flexibility of
housing/stator will couple the (0,1) and (0,0) unbalanced modes through normal modes of the
housing/stator as shown in Eq. (113). Finally, base excitations (linear or angular) and external
forces acting on the stationary part will not excite balanced modes as well as disk modes with two
or more nodal diameters.

10. Experimental studies

Fig. 8 shows the experimental setup. The spindle has ball-bearing supports, and carries two
identical disks. The spin speed ranges from 0 to 7200 r:p:m: An automatic impact hammer [28]
excites the top disk, and a load cell at the tip of the hammer measures the input force. In the
meantime, a fiber-optics laser Doppler vibrometer (LDV) measures vibration of the top disk. The
force and velocity signals are fed into a spectrum analyzer, where frequency response functions
(FRF) are calculated. Finally, natural frequencies are extracted from the measured FRF.
Four different tests were conducted. The first test is a spindle level test as shown in Fig. 8. In

this test, the disk/spindle is mounted on a thick slab of stainless steel, which mimics a rigid
housing. In this case, the stationary part is the stator of the spindle motor. The second test is a
spindle/base test as shown in Fig. 9. In this case, the disks and spindle motor are mounted on a
flexible hard disk drive (HDD) housing, which is bolted to an isolation table. The stationary part
is the spindle motor stator plus the base plate. The third and fourth tests are system-level tests as
shown in Fig. 10. The system consists of the disks, spindle, base plate, and the top cover. For the
third test, the top of the spindle is not attached to the top cover (cf. Fig. 1). In this case, the
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Fig. 9. Experimental setup for ball-bearing spindle; spindle with base.

Fig. 10. Experimental setup for ball-bearing spindle; spindle, base, and top.

Fig. 8. Experimental setup for ball-bearing spindle; spindle only.
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stationary part is the stator, base, and top without attachment. In the fourth test, the top of
the spindle is attached to the top cover via a screw (cf. Fig. 2). In this case, the stationary part is
the stator, base plate, and top cover with the stator and the top cover attached together.
These tests have two purposes. The first purpose is to verify the qualitative predictions that the

presence of housing/base flexibility does not affect natural frequencies of balanced modes and disk
modes with two or more nodal diameters. The second purpose is to compare the measured natural
frequencies with numerical predictions to verify the mathematical model. Moreover, comparison
of FRF from each test will indicate the effects of base plate, top cover, and top attachment,
respectively.
Fig. 11 compares the FRF from the first two tests. The thin line is the FRF of the spindle (with

disks), and the thick line is the FRF of the spindle mounted on the base plate. There are three
groups of vibration modes. Group I consists of (0,0) balanced mode, (0,1) balanced mode, and
(0,2) disk mode. Experimental results in Fig. 11 indicate that presence of the base plate does not
affect natural frequencies of these modes. This experimental measurement proves the qualitative
prediction that housing/stator flexibility does not affect free vibration of balanced modes and disk
modes with two or more nodal diameters. Group II is the (0,1) unbalanced modes in backward
and forward precession. The most important phenomenon is mode splitting when the spindle is
stationary. When the base plate is not present, the (0,1) forward and backward precessions have
the same natural frequency at 0 r:p:m: because the disk/spindle assembly is axisymmetric. When
the base plate is introduced, the base plate is rectangular and has different bending stiffness in its
two orthogonal principal directions. Therefore, the motor/base configuration no longer has the
axisymmetry. In this case, (0,1) forward and backward precession will have different natural
frequencies resulting in mode splitting phenomenon. Group III is the (0,0) unbalanced mode.
Note that the presence of base plate substantially reduces natural frequency of this mode, because
the base plate is soft in bending and allows axial deformation.
Fig. 12 compares the FRF from the second and third tests. The thin line is the FRF of spindle

motor with base plate, and the thick line is the FRF of spindle motor with base plate and
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Fig. 11. Experimental results, spindle versus spindle/base; —, spindle only; ; spindle and base.
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top cover. There are, again, the same three groups of vibration modes. For group I modes,
the presence of top cover does not change their natural frequencies, which is in line with the
qualitative predictions. Also note that the presence of the top cover substantially reduces
the vibration amplitude of group 1 modes when the spindle is rotating. This might come from the
confined airflow inside the base plate, when the top cover is introduced. Second, the presence of
top cover does not significantly affect the mode splitting of (0,1) unbalanced modes. Third, the
presence of top cover increases the natural frequency of (0,0) unbalanced mode, because the top
cover contributes to axial stiffness of the system.
Finally, Fig. 13 compares FRF the third and fourth tests. The thin line and thick line represents

FRF of unattached and attached systems, respectively. There are three observations. First, the top
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Fig. 12. Experimental results, spindle/base versus spindle/base/top; —, spindle and base; ; spindle, base, and the top
cover (unattached).

Fig. 13. Experimental results, spindle/base/top, unattached versus attached; —, spindle, base, and the top cover

(unattached); ; spindle, base, and the top cover (attached).
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attachment does not affect natural frequencies of balanced modes and disk modes with two or
more nodal diameters. Second, the top attachment significantly increases the natural frequencies
of (0,1) unbalanced modes. Third, the top attachment significantly reduces the amplitude of the
amplitude of (0,0) unbalanced mode. This is probably due to the enhanced damping from the
constrained layer damping treatment on the top cover.

11. Numerical simulations

The numerical simulation consists of two parts: finite element analysis (FEA) and Matlab
simulations. The purpose of the FEA is to calculate natural frequencies o2bn and normalized mode
shapes Wnð#rÞ of the stationary part. The purpose of the Matlab simulations is to calculate
eigenvalues and eigenvectors of Eq. (131) to predict natural frequencies and mode shapes of (0,1)
and (0,0) unbalanced modes. The details of FEA and Matlab simulation are described as follows.
In the FEA, a mesh is first generated on the stationary part. The mesh has solid elements with

eight corner nodes, and each node has three degrees of translation and three degrees of rotation.
In addition, proper nodal displacements are set to zero to simulate the fixed-end boundary
condition in the test. During the FEA, the mode shapesWnð#rÞ are normalized with respect to the
mass matrix. For the stationary parts used in this study (e.g., the HDD base and cover), 100–200
modes are often calculated.
Based on the mode shapesWnð#rÞ from FEA, the following three sets of data are calculated. The

first set of data isWx;Wy;Wz defined in Eqs. (61)–(63). This is basically mode shapes evaluated at
each bearing, and can be obtained through the three translational nodal displacements from FEA.
The second set of data is ax and ay defined in Eqs. (64), (65), (39)–(41). Basically, this set of data is
the rotation (or slope) of the mode shapes evaluated at each bearing, and it can be obtained
through the three rotational nodal displacement from FEA. The third group of data is Jan and Jbn

defined in Eqs. (16) and (17).
The natural frequencies and mode shapes obtained from FEA are then used as input to the

Matlab program to form the matrices M; C; and K defined in Eqs. (132)–(134). Solving the
eigenvalue problem associated with Eq. (131) then predicts natural frequencies and mode shapes
of the complete rotating disk/spindle system coupled with the stationary housing/stator.
Furthermore, the Matlab program calculates transfer functions according to Eqs. (135)–(137).

11.1. Natural frequencies

To demonstrate the accuracy of the mathematical model, let us consider the spindle used in
Figs. 8–10. Table 1 shows the properties of the rotating part of the spindle. For the disk portion of
Table 1, b and a are outer and inner radius of the disk, I

ðiÞ
1 and I

ðiÞ
3 are transverse and polar

moment of inertia of each disk, m is the mass of the disk, and z1 and z2 are the location of the
disks relative to the centroid of the rotating part. For the hub portion of Table 1, mh is the mass of
the hub, and Ih

1 and Ih
3 are the transverse and polar moment of inertia of the hub with respect to

the centroid of the rotating part. Finally, za and zb are the location of the two ball bearings
relative to the centroid of the rotating part. With the parameters in Table 1, the transverse and
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polar mass moments of inertia of the rotating part with respective to its centroid are %I1 ¼
30:77 kg mm2 and %I3 ¼ 59:62 kg mm

2; respectively.
The two ball bearings are assumed identical and frictionless. Therefore, Cb ¼ 0: The stiffness

coefficients Kb are obtained through bearing programs [29] as follows:

Kb ¼

2:16� 107 0 0 0 �3:47� 104

0 2:16� 107 0 3:47� 104 0

0 0 5:76� 106 0 0

0 3:47� 104 0 58:5 0

�3:47� 104 0 0 0 58:5

2
6666664

3
7777775: ð138Þ

In Eq. (138), the unit is in the MKS system.
Fig. 14 compares the theoretical predictions from FEA and Matlab simulation with the

experimental measurement for the experimental setup in Fig. 8. The difference between the
prediction and experimental results on (0,1) unbalanced modes is about 5%, while other modes
are almost perfect match. The 5% difference is unavoidable, because bearing stiffness in Eq. (138)
is subjected to several sources of uncertainties. First, bearing components, such as inner race,
outer race, and balls, are subjected to manufacturing tolerance. The tolerance will cause variations
in the bearing contact angle and subsequently the bearing stiffness. Second, the bearings are glued
to the stationary and rotating parts through epoxy. The elasticity of epoxy will also affect the
bearing stiffness. Third, the bearing is pre-loaded at an elevated temperature to cure the epoxy.
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Fig. 14. Comparison of theoretical and experimental results, spindle only; —, theoretical predictions; 3; experimental
measurements.

Table 1

Properties of the rotating part of the disk/spindle system used in experiments Figs. 3–5

Disk Hub Bearings

b 47:50 mm z1 �0.288 mm Ih
1 2:712 kg mm2 za �7.22 mm

a 15:00 mm z2 2.682 mm Ih
3 4:268 kg mm2 zb 4.16 mm

I
ðiÞ
1 13:575 kg mm2 m 2.260�10�2 kg mh 2:507� 10�2 kg

I
ðiÞ
3 27:150 kg mm2
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Therefore, the temperature will also affect the bearing stiffness. All things considered, 5%
difference is very insignificant.
Fig. 15 compares the theoretical predictions and the experimental measurements for the setup

in Fig. 9. The theoretical results do predict the mode splitting of (0,1) unbalanced modes at
0 r:p:m: Moreover, the difference between the prediction and experimental results on (0,1)
unbalanced modes is about 4%. Finally, Fig. 16 compares the theoretical predictions and the
experimental measurements for the setup in Fig. 10 with top attachment. The difference between
the prediction and experimental results on (0,1) unbalanced modes is about 3%. Also note that
the (0,1) and (0,0) unbalanced modes present a curve veering phenomenon [30] as the rotational
speed increases from 2000 to 3000 r:p:m:

11.2. Frequency response functions

The mathematical model can predict forced response of spindle systems in terms of frequency
response functions (FRF) and time response. Unfortunately, experimental verification for forced
response is very difficult. For ball-bearing spindles, bearing damping coefficients in Cb are not
available from any existing theory. Moreover, ball bearings have small damping; therefore, a
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Fig. 15. Comparison of theoretical and experimental results, spindle and base; —, theoretical predictions; 3;
experimental measurements.

Fig. 16. Comparison of theoretical and experimental results; spindle, base, and top cover with attachment; —,

theoretical predictions; 3; experimental measurements.
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slight uncertainty in bearing damping coefficients could lead to very different resonance
amplitudes in FRF. Also, it is very difficult to determine the damping coefficients experimentally,
because there are too many damping parameters in the Cb matrix. Therefore, ball-bearing spindles
are not ideal for experimental verification. For spindles with hydrodynamic bearings (HDB), the
damping coefficients can, in fact, be predicted through use of Reynold’s equation. Also, the
damping coefficients are much larger than those of the disks, the housing/stator, and the
surrounding air. However, prototypes of HDB spindles and their exact parameters are not
available at this moment.
Because of the reasons above, this paper will only demonstrate simulated FRF of a virtual

spindle with hydrodynamic bearings as follows. The virtual spindle system is identical to the ball-
bearing spindle used in the experimental verification, except the bearings are hydrodynamic.
Therefore, the stationary part remains the same as in Figs. 8–10. Also, the rotating part has the
same parameters as listed in Table 1 except for the bearing locations.
The virtual spindle system has two radial HDB and one thrust HDB. The bearing location and

bearing type are listed in Table 2. For radial bearing A; the stiffness matrix has non-zero elements
Kb;Að1; 1Þ ¼ Kb;Að2; 2Þ ¼ 3010:7o3 and Kb;Að1; 2Þ ¼ �Kb;Að2; 1Þ ¼ 3196:4o3: Also, the damping
matrix has non-zero element Cb;Að1; 1Þ ¼ Cb;Að2; 2Þ ¼ 65200: For radial bearing B; the stiffness
matrix has non-zero elements Kb;Bð1; 1Þ ¼ Kb;Bð2; 2Þ ¼ 16844o3 and Kb;Bð1; 2Þ ¼ �Kb;Bð2; 1Þ ¼
34086o3: Also, the damping matrix has non-zero element Cb;Bð1; 1Þ ¼ Cb;Bð2; 2Þ ¼ 69400: For
thrust bearing C; the stiffness matrix has non-zero elements Kb;Cð3; 3Þ ¼ 499390; Kb;Cð4; 4Þ ¼
Kb;Cð5; 5Þ ¼ 0:0015o3; and Kb;Cð4; 5Þ ¼ �Kb;Cð5; 4Þ ¼ 0:000814o3: Also, the damping matrix has
non-zero elements Cb;Cð3; 3Þ ¼ 938:199 and Cb;Cð4; 4Þ ¼ Cb;Cð5; 5Þ ¼ 0:00188: These non-zero
stiffness and damping coefficients are in MKS, and o3 is in rad/s.
Since the numerical simulations can consist of various parameter combinations, only the most

representative simulated results are illustrated here. Let the X - and Y -axis be along the short and
long sides of the stationary part, respectively (e.g., Fig. 9). The excitation conditions are
prescribed linear or angular accelerations .sxðtÞ and .gyðtÞ; which are known through operational
tests in the industry. The output location, whose vibration is of interest, is at the top disk with
co-ordinates ðx0; y0Þ ¼ ð0:045; 0Þ m: The output displacement component is the radial component
(i.e., X -component in this case) in the shaker frame. The spin speed is 3000 r:p:m:
Fig. 17 compares FRF of the spindle for three different configurations: spindle motor only,

spindle with base and top cover (without top attachment), and spindle with base and top cover
(with top attachment). The input excitation is linear acceleration .sxðtÞ: When only the spindle
motor is present (i.e., the solid line in Fig. 17), the resonance peaks near 500 Hz correspond to the
first pair of (0,1) unbalanced modes. The resonance peaks between 1500 and 2000 Hz correspond
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Table 2

Bearing information for the virtual spindle

Bearing Bearing Location

number type from centroid (mm)

A Radial �7.22
B Radial 4.16

C Thrust 7.81
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to the second pair of (0,1) unbalanced modes. When the base and top cover are introduced
without attachment (i.e., the dash line labeled BCU in Fig. 17), the flexibility of the stationary part
reduces the natural frequencies and increases the resonance amplitudes of (0,1) unbalanced
modes. Finally, when the top attachment is added (i.e., the dash-dot line in Fig. 17), the overall
FRF amplitude is substantially reduced as indicated in the log-scale plot. Nevertheless, there is a
sharp resonance peak at 2000 Hz resulting from a base vibration mode, which has a strong
bending motion of the stationary part in the Y (or longitudinal) direction. Because the bearings
are hydrodynamic, the bearings respond with a secondary force in the X direction, which is
characterized by the off-diagonal terms in the stiffness matrices Kb;A and Kb;B: The secondary
force subsequently excites the rotating disks and spindle causing significant displacement in the X

direction. Fig. 18 zooms in the FRF of Fig. 17 from 0 to 40 Hz: The resonance peak near 25 Hz is
the half-speed whirls (HSW). The resonance peak near 2:5 Hz is an axial base mode weakly
coupled with the spindle through the thrust bearing. Note that the presence of the top attachment
substantially reduces the half-speed whirl.
Fig. 19 compares the FRF of the same three configurations, except that the excitation is the

angular acceleration .gy: This excitation simulates environments experienced by laptop computers
and network storage devices. As opposed to the results in Fig. 17, the angular excitation tends to
excite the first pair of (0,1) unbalanced modes much more than the second pair of (0,1) unbalanced
modes. Mathematically, this phenomenon can be traced back to Eq. (137). For linear excitations,
GB and HB are zero matrices. For angular excitations, GB and HB are not zero. Therefore, the
presence of non-zero GB and HB amplifies the response at low-frequency range resulting in larger
response for the first pair of (0,1) unbalanced modes.
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Fig. 17. FRF of the virtual spindle subjected to a linear excitation sx; (0,1) unbalanced modes; (a) FRF in linear scale,
(b) FRF in log scale; —, motor level; - - -, BCU level (motor, base, and cover without attachment); – - – -, drive level

with attachment.
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Fig. 18. FRF of the virtual spindle subjected to a linear excitation sx; half-speed whirls; —, motor level; - - -, BCU level
(motor, base, and cover without attachment); – - – -, drive level with attachment.

Fig. 19. FRF of the virtual spindle subjected to an angular excitation gy;—, motor level; - - -, BCU level (motor, base,
and cover without attachment); – - – -, drive level with attachment.
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12. Conclusions

1. Linearized equations of motion governing vibration of rotating disk/spindle systems mounted
on flexible housing/stator assembly are derived through use of Lagrange equation.

2. Flexibility of housing/stator will not affect vibration of disk modes with two or more nodal
diameters.

3. Flexibility of housing/stator will not affect vibration of the balanced (0,0) and (0,1) modes.
4. Flexibility of housing/stator will couple the (0,1) and (0,0) unbalanced modes through normal
modes of the housing/stator assembly.

5. Base excitations (linear or angular) and external forces acting on the stationary part will not
excite balanced modes as well as disk modes with two or more nodal diameters.

6. The mathematical model can predict natural frequencies accurately within 5% of error for
ball-bearing spindles.

7. The presence of flexible base and top cover without attachment could reduce natural
frequencies and increase the resonance amplitude of (0,1) unbalanced modes.

8. The presence of top attachment substantially reduces the amplitude of (0,1) unbalanced
modes and half-speed whirls. Nevertheless, the flexibility of the stationary part could induce
larger vibration of a rotating disk/spindle system at other frequencies.

9. Linear base motion tends to excite all (0,1) unbalanced modes equally. In contrast, angular
base motion tends to excite the first pair of (0,1) unbalanced modes preferentially.
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